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Angular momentum: Commutators rules, quantization of square of total angular momentum and z-

component; Rigid rotator model of rotation of diatomic molecules; Schrodinger equation,
transformation of spherical coordinates; separation of variables. Spherical harmonics; discussion of

solution

Note:

Note:

h(h—bar) Iran N. Levine, Quantum Chemistry, 7ed, P — 9
Angular Momentum

Consider a particle of mass “m” revolving around at a fixed point. The angular momentum

L =rxmu=rxp
The cross product rxp is the vector L perpendicular to the plane formed by the vectors r and
p. L =iLy +jLy + kL,
Where “r” is the vector from the fixed point to mass point r=ix+jy+kz

p is the linear momentum vector p =ipy + jp, + kp;

In classical mechanics, component of linear momentum vector are

Ly = Yp, —Zpy Ly:pr_xpz Lz:Xpy_ypx
P =LL=15+015+13
ixi = jxj =kxk=0 ii=jj=kk=1
ixj =k, jxk=1i,kxi=j jxi =—k, kxj=-i, ixk=—]j ij=jk=ki=0
.. 0 ., 0 .. 0
Corresponding to the quantum mechanical operator p, =—ih— p, =-ih— p, =—ih—
p g q p Py x Py o P; oz
L, =ik yg—zi ﬁy:—ih(zi—xg) L, =—ih xﬁ—y2
oz oy oXx oz oy -~ Ox
C=|f=tL=C+2+ 03
C,.0, ) =in, [L,.C,]=int, [C,.0,]=inL, [2.6,]=0
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Note:

mitarty C.C = Loin( 22 —x 2 W oinf y 2,2
Similarly LyLX_{ |h(zax xasz |h(yaz ZayJ}

:hziaa o 0 o0 0 an

I—Yy——71—7I——-X—Y—+X—Z—
oXx 0L oOXx oy 0Oz 01 0L oy

of 8% 5, 8 o> o o?
=—h"\ Yy — =" XXX
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Hence, [LX, Ly] =L, -L, L5

_ hz(x%— ya—axj = —izhz(x%— y%J = ih{—ih(x%— y%}} =inl,

Ly and Ly or L, and L, cannot be determined simultaneously and precisely, because they do
not commute.

L2and L, can be determined simultaneously and precisely, because they commute.
(2,0, |=[ 2+ 2+ 2,0, ] = 20, + 20, + 20, -2 (02 -, 12

Now [Ai,ﬁz}z 20—, =1

o NN O O O O [ ) A (o OO
G000 [ C L ], =-inl, Ly —inl, L, =in(C,0, + L)
similarly [ (2,L, |=in(C,L, + 0,0, ) and [ 3,0,]=0

Transformation of Cartesian coordinates of Laplacian operator to Spherical polar
coordinates

z
A
z P(x,Y,z)or(r,0,p)
0
¥ >y
¢ 0

X
Z = CosH, X = r sind cos ¢ andy ==rsinf sin ¢
X2 + y2 + Z2 — r2

% ?

Laplacian operator v? +—+—
% oyt o

10(,0 1 o(. .0 1 o
2—2— r-— |+ 2 . —_— SIHH— +ﬁ—2
r< or or) rcsing 00 00) r°sin“ 0 ogp




Three Dimensional Rotation: A Rigid Rotator
Consider diatomic molecule with mass m; and m, separated by fixed distance r and centre of
mass is ¢, The distance from my is r; and distance fromm,isryi.er, +r, =r.

m; O IC ( ;O my
r r
Now, mir; = myr, So, my (r —ry) = myry or, (Mg + my)r, =myr
m,r myr
r2 = I’l =
m; +m, m; +m,
2
Moment of inertia | =myr? +m,rf | = Ml _ 2
my +my
mym
Where, reduced mass ~ p = ——2—
m; +m,
Now kinetic energy T = mlv + 1m V3 —la) | = L L2 EL—Z
7272727 201 2,
[v =or, L=wl ]
Quantum mechanics
Hamiltonian operator  H =T +V
For rigid rotator potential energy V=0
S S SO |
So, H=T= =——FV
2,ur 87 u
h2
Schrodinger equation for the rigid rotator -—— sz// =Ey
7o u

The equation in terms of Spherical polar co-ordinate is

h*1108(,0 1 0 d 1 @
2 r-— |+ singd— t5——-= v =Ey
812 7, or\" or) r%sing oo 00) rcsin“0op

oy

For the rigid rotator r is constant. So, o 0
r
2 2
Therefore, L # 0 (sme aj 2; 0 v =Ey
87y ul| r?sing 00 06 ) r?sin®6 0p?

Where, y = (0,0) Let  y(6,0)=0(0)D(p)

2
So, the equation become Zq') i(siné’ﬁj®+ ©_ oo 8”2/1 EGD =0
resing 0o 00 r2sing dp®>  h

Dividing both sides by ®® we get
2
1 i(sinaij®+ L 2o 8”2”E 0
Or“sind 00 oo @r?sin?0 69>  h
Multiplying both sides by r?sin? @

2
smea( nea](a 18®+87r,u 2in? GE -0

© 06 00) @ op®> h?
2 2 2 cin?
or, _la_db smea(neaj(a 87 ur<Esin @
D op? @ 90 00 h?
2 2 20 2
Consider 10°® _sing 0 ( neij®+8ﬁ ur IZEsm 9=m|2
Doy © ool 00 h
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so, —<-=-m
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Solving we get ®© =

Again
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Its solution is complicated.

Solving we get

_|(|+1)h—2I

Angular momentum component operator
The angular momentum operator L, in spherical polar coordinate

0 h 0

L, =—ih—=

4

Therefore,

Eigenvalue = m, h
27
Classically energy of rotating particle

Quantum mechanically energy of rotating particle

o 27i 0p

L(D—

h of 1
27i 8(0 \/E

m =0, £1, £2

So, L2=I( )
72'

Therefore, the magnitude of the angular momentum

20
aj®+la—+/ism 0= m| A=

e|m|¢j:

e_tL
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h
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The normalised wave function (€, ¢) = ©(8)®(p) is denoted by Yim, (0,9) . The normalised

wave function Y, y, (6,¢) is known as spherical harmonics,

The first few spherical harmonics

Azimuthal quantum

Magnetic quantum

Spherical harmonics, Y}, (6,¢)

number, | number, m
0 0 12
1
&)
1 0 12
(ij cosd
Ar
+1 3 1/2 )
1(—j singe*'?
2 0 12
( j 3005249 1
+1

12
$(Ej cosd.sin 9et'?
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Qualitative treatment of hydrogen atom and hydrogen like ions: Setting up of Schrodinger equation in
spherical polar coordinates, radial part, quantization of energy (only final energy expression);
Average and most probable distance of electron from nucleus; setting up of Schrodinger equation for
many electron atoms (He, Li)

Hydrogen like system

Hamiltonian operator H=T+V

. Ze2 ~ h2 2
For hydrogen like system V(r)=- and T=——-V

(4megy)r 87 u

Schrodinger equation for the rigid rotator Iflz// =Ey

2 2
i.e - h2 V24 ze v =Ey

87 u (4reg)r

The equation in terms of Spherical polar co-ordinate is

h> |1 6(,0 1 o(. .0 1 8
8z u| reor\ or) r<sing oo 96) r?sin?0 o¢?

2

Ze
- w(r,0,0)—Ew(r,0,90)=0

Consider w(r,60,0)=R(r)Y(6,9)
2 2
So, _h_2 %ﬁ(rzﬁ}r 21_ ﬂ(sineij+2; o R(r)Y(0.9)
8z u| reor\ or) rcsing o0 96) r?sin?6 0p?
3 Ze?
(4reg)r
Multiplying by r* we get
2| 1 o6/,
_— sme R(r)Y (6,
Liné’ae( 00 sm sin0 8 } o9

| oh? o 0] Zehr
_|:87z ,u{a (r ]}(4ﬂ80)+r E:|R(I’)Y(9,(0)

2 2
or, -R _Li(siwi}L@_ y =y 2 (rzﬁjR 87 A 28T L 12E Ry
sing 60 06 ) sin? 0 o¢? or\ or (47ep)

Dividing this by RY
2 2 2
A0 g D)y Ly L8 8, Sl 2 e
sind 00 00) sin%0 o¢ Ror( or he | (47e)

2
Consider —i _ii(sinai}tLa— Y
Y| sing 00 00 ) sin%0 0¢?

R(r)Y (6,9) —ER(r)Y (6,9) =0

87z2y
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“Rorl or h2 | (4rep)
. 1 o(. o 1 &
Angular equation ———|sin0— |[+——— |Y(6,0) =—1(1 +1)Y (6,
gulared Lineae( aej sinzﬁaq)z} (©.9)=A0+Y(0.0)
2 2
Radial equation E(rZQJR(rHSE Hl 28T 2p =11 +DR(r) = I(1 + 1)
or\ or h? | (4zeg)
Simplifying the above equations the energy eigen value
252 4
:_Lﬂez n=123..
(nzhz)(47l'80)
And l//mml (r, 9, Q) = Rm (r)YLmI (0, (0)
Values of | 0 1 2 3 4
Notation of wave function S p d f g
Hydrogenic Radial wavefunction Rn(r)
Orbital | n | Ro(r)
1s 1 0 3/2
2l
2s 2 0 3/2
L(Ej (1_A]e-z~zao
V21 8 2a,
2 2 1 5/2
P L £ re—Zr/ZaO
246\ 3
312
T | 22V ez 227 e
33 a 3a 274
/
3p S 8 (Z I zr Z%° o213
27613 ) a 6al
ad 3 2 712
1 5 r26—Zr/3ao
8130 | &,

Many electron atoms (He, Li)

A A

Hamiltonian operator H=T+V
- o : . h? &
(i) Kinetic energy operator for a n-dynamical identical particles T :—8 5 ZV,Z
7ToM i
: . . . hP &1,
for a n-dynamical non-identical particles T=——=2—Vj
8z iam;
: - h? h? h?
For helium atom T=-—Vi-———Vi=—— (Vf+V§)
87m, 87°m, 87rm,

For potential energy operator have two contributions, attraction potential energy and

. . Ze? Ze? e? 1 ze? 7e? Zze?
repulsion potential energy V = - - +

— — —+ =



2 2 2 2
Ao (e, [Ze Lz _ZeJ
87°m, dreg\ R W

Schrodinger equation  Hy = Ey

Q. Calculate the expectation value of r for an electron in the ground state of hydrogen atom.
Ans.  The normalized wave function for the ground state of hydrogen atom is

L P2
v/
¥1,0,0 = Ry,000,0Po :£—3] e
78y

. 3/2 . 32
(—3] e‘”aor[—3] e "% ]dr
7agy 7agy

. 3/2 . 3/2
{—BJ e‘r/aor{—3J g% }dr
7agy 7agy

3% V1 2r
J [r¥eodr[singde [ dg [dr:rzdrsinededqﬁ}
0 0 0

(r)= <l//1,o,o |r|‘/’1,0,0> :j

d

|

E)
B[

3

]?r?’ez”aodr]zsin od Hzfd;b
0 0 0

N
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3
|1 3! _3
= ”ag 2 a0)4 (2)(27) > g

Q. Calculate the average distance of 2s electron from nucleus of H-atom.
/
Vg (D)
24, a V2 \2x

g o)

<f> = <l//2,o,o |r|l//2,o,o>
1 (1YL r 1 (1YL
— + _ —r/2a | _ —r/2ag
I“\/BZEJ(%J [2 aoje r(\/327rj(aoj [2 aoje ]dT
Surendranath College
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JrS[Z——j e-r’%drjsinedej dg
ag 0 . DR.HSB CLASSES
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Ans.

Ans.

So,

Note:

Calculate the most probable distance of electron in 1s orbital of H-atom.

%(rzRfo):O
So, d (rze‘z”ao):o

dr
Or, [2r+r2[—£ﬂe_2”a° =0
2
Or, I =ag

Calculate the most probable distance of electron in 2s orbital of H-atom.
d(2.2\_
E( RZ,O) = O

or, a4 42+ﬁ_4r ~riag | _ g
dr ag ao
3 2 4 3

Or, [Sr +4L2—£}+[4r2+r_2_‘iJ[_iJ e %0 _

B % ay @ )\ &

3 2 .4
Or, 8r+8%—ﬂ_r_3:o

8 d q

3 2
or, (Lj —S(Lj +16(Lj—8=0
2l ay 2l
2
or, [Lj —6[Lj+4 (
a a
DR.HSB CLASSES
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Radial distribution function Fr = (volume of spherical shell) (probability density)

= (4nr? dr)(R?)
The radial distribution function means the total probability of finding the electron in a
spherical shell of thickness dr located at the distance r from the nucleus.

The charge within the shell (r and r +dr) is

r+dr Vi 2z
j Rzrzdrje)zsin 9dej d%dg
r 0 0

For normalized ® and @ functions



r+dr e Y r+dr
I Rzrzdrj'®zsin9dej D%dg = I R2r2dr
r 0 0 r

LCAO and HF-SCF: Covalent bond, valance bond and molecular orbital approaches, LCAO-MO
treatment of H,"; bonding and antibonding orbitals; Qualitative extension to H,; Comparisation of
LCAO-MO and VB treatment of H, and their limitations; Hartee-Fock method development, SCF and

configuration interaction (only basics)

LACO-MO of H,"
¥mo =Cws(a) +Covise)

The Schrodinger equation Hop¥mo = E¥mo ; ;
A B
Ho__ h? 2 e? B e? N e?
® 8r’m (Arnsg)rs  (Ameg)rs  (4mey)R R
Ha He

E_ <l//Mo | Hop |V/MO> _ <C1‘//1s(A) +Covrs(m) ‘ Hop ‘Cll//ls(A) + C:251/15(13)>

(wmo[¥mo) <01V/1s(A) +Coyis(p) ‘Cﬂ”ls(A) +Coyig(p) >

C12 <l/’15(A) | Hop |'/’15(A)> + sz <V/15(B) | Hop |l//15(B)> +CC, <V/15(A) | Hop |V/ls(B) > +CC, <‘//13(B) | Hop |V/15(A)>
C12 <‘//13(A) |‘//15(A)> + sz <‘//13(B) |‘//15(B)> +2C,C, <‘//15(A) |'//15(B)>

C12 <V/15(A) | Hop |‘//15(A)> + sz <'//15(B) | Hop |V’15(B)> +2C,C, <V/13(A) | Hop |‘/’15(B) >
C12 <l//13(A) |W13(A)> + sz <l//13(B) |l//15(B)> +2C,C, <l//13(A) |W13(B)>

Clap +Clag +2CC . o
=4~/ 28 Colns [Bag, resonance integral; Sag, overlapping integral]

CZ+C2+2C,C,Snp

Or,  E(C+C5+2CC;Spg | =Clan +Ciag +2CiCoBg (1)
Differentiating w.r.t C; we get
(0B 10Cy)(CF +C3 +2C1Co8 a5 ) + E(2C; +2C;S p5) = 2C10ta + 2C, ing

For at minima OE/0C; =0
E(2C1+ZCZSAB):2Q|.aA+ZCZﬂAB

OI’, C_I.(aA_E)+C2(ﬁAB_ESAB):O
Similarly for 0E/0C, we get

Cl(:BAB_ESAB)+CZ(aB_E)=O DR.HSB CLASSES
Departmen of Chemistry

In matrix form
Surendranath College

ap—E Bas —ESpg
Bas —ESap ag—E C,
For nontrivial solution determinant of coefficient is zero.

=0
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ap—E Bre —ESag
Bag—ESag ag—E
Here, ap=ag=a
2 2

_otPBas g B -2 Pas

1+Spp 1-Spp

=0

So, thetwo rootsare  E,

Using the above equation we get C; =+ C,
Yivo = C, (l//ls(A) ' 1s(B)) and Vo = C_ (l//ls(A) - V’ls(B))

(V¥ ) =2
ie <C+ (V1) +V1s(B) ‘C+ Was( +¥as(e) > =1
or, c? {<‘/’15(A) |'//15(A)> * <‘/’15(B) |'/’1s(8)> + 2<'/’15(A> |”’15(B) >} =1

Or,  C}(1+1+2Spg)=1

(1
2(1+Spg)
- 1
Similarly C.=—F——
2(1—SAB)
Now aA=<‘//ls(A)‘H0p“//ls(A)> and
oo h? V2 e? e? e?
" e 2n (4 (4 4R
87°m (4meg)ta  (7eg)tg  (475)
R . . .

SO, an= <W15(A) ‘ - “//ls(A)>

\vZ -
8,2m (4reg)ra  (Ameg)lg (47zg )R

2
87°m

<‘//15(A)‘ (4”8 Yn ‘V/ls(A)> + <‘//15(A)‘_(47;m“//15(A)> +

<‘//15(A) ‘ (4759)R “//ls(A)>

2

(47eg)R
[J = Coulomb integral, electrostatic attraction between proton B and an electron in a 1s orbital

centred on proton A]
h2 2 2 o2

= ElS(H) +J+

_ _ 2 € B €
Pre = (Visen =g 7 (dreg)rn  (dmeg)ty  (dmey )R“”“(B)>
h2
<‘//15(A)‘ 8.2 mV2 (4”8 e "//15(5)> <l//ls(A)‘_m"//ls(B)>

<l//13(A) ‘ 7 R "//15(13)>
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2
€

: e
Now the exchange integral K = <‘//13(A)‘_m"//ls(8)>
o)A

[Exchange of electron between A and B]

¥.mo
E [ a-
I Prs
al _f_
E Vis(a) Vis(B)
4 Pre
E. a+f WiMo
Y-mo
E| 0,0
—_—
R/aq
¥ +mO
Hydrogen molecule H,
MO
h2 ) h2 ) o2 o2
Hop:_ 2 Vl_ 2 2~ -
8z°m 87°m (dreg)ha  (d7eg)laa
62 e2 62 eZ

- - ¥ ¥
(breg)hy,  (Breg)lyy  (Areg)ly,  (47eg)hy
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¥V = Wspatial¥'spin
Yspatial = ¥+ Oy, (2)

Vin =%{a(1)ﬁ(2)—a(1)ﬂ(2)}

In LCAO-MO V. = Cas(n,) + Caas(hy)
1

2(1+59)
(. Oy, (Q)[Hop lw, Q. (2))

(v, Qw, )y, Oy, (2))

C1:C2=

Calculated value —30.68 eV (— 2.96 MJmol™) at internuclear distance 73 pm
Observed value —31.95 eV (- 3.08 MJ mol™) at internuclear distance 74.1 pm
VB

v =¥15H,) OVis(H,) (2)
Hop =Ha +Hp +H’

h2 2 h2 2

Hy=——o V2% 3¢
T ogr’m T (dmedha 872m ° (4meg)ha
h2 2 e2 h2 2 62
Hy=———-V3—- =———Vi—
87°m (4reg)loy,  87°m (4reg)
, e? e? e? e?
=— - + +
(4reg)ry  (Ameg)hy  (breg)hy  (dreg) ity
e? e? e? e?
= _ - + +
(472'80)l’1a (472'80)I’2b (472'80)r12 (472'80)rab
E=(y|H|v)
E= <‘//13(Ha)(1)l//15(Hb)(2)‘ H,+H, +H I‘V/ls(Ha)(l)V/ls(Hb)(Z)>

= (W1s() )| Ha|Wis(h1) @) (Wis ) @ W5y ()
+ (W1s(1) @[ Ho (150110 @) Vst O w51y @)
+ B = (a5, OVasry) Q[ H s, Dvasry) ()
E= Els(Ha) + ElS(Hb) +Q

Epinding = E(H2) —2E(H)=Q
At 90 pm (ra) binding energy = 24 kmol™
Heitler and London wave function
wve = Cois(H,) D¥is(h,) (2) + Covash, ) (2wasn,) 1)

yve =Ciy + Gy
Where, i =y151,) Dvasw,) () and  yp =yi5H,) (Qvasr,) D
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<l//VB | Hop |V/VB>
<V/VB|‘//VB>

Minimizing E w.r.t C, and C, (6E/oC, = 0, 0E/6C, = 0), we get
In matrix form

o -E  p,-ES?
p,—ES? o-E
For nontrivial solution determinant of coefficient is zero.
o4q-E  p,-ES?

E=

=0
pn-ES? o -E
Now o4 = o
So, (u—-E)P*—(B-ES)*=0
Therefore, E, = OH’g and E_= a +"g
1+S 1-S

SO, (:.L = iCZ Cl = C2

Many Electron Atoms
Hamiltonian operator for many electron system

h2 n n
Z Z le le;rl (4rep)r;

Schorindger equation
Hopy = Ey

The Perturbation Method
In perturbation method electronic repulsion terms are consider as small perturbation on

Hamiltonian operator

Z Z

(472'80) r;

(4”6‘0)'—
+
; J%—l (47[80)“
E_ J.‘//O*Hop‘//odr
J.l//o*wodr

¥’ is not eigenfunction of Hqp. SO, not obtain exact energy eigenvalue.

HO %
J.l// op‘// T+J"/’ (21121(4”50)'] ]
[v%y e

o n n e2 0
Jv [ZZ (47,0)”}” &

i=1 j=i+1

E=

E=E"+

vy e
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2
> SE, = 10886V

For He atom, Z = 2. The second term iS ——M— =—
(4reg)(day) 2

5¢2
Where Ey =—————- =-13.6eV
(47gp)(43y)
0 0,0 Z° z?
NOW E” = El + E2 :¥EH +n—§EH =8EH = 8(—136 eV) = —1088 eV

Where,Z=2, n=n,=1
E=-108.8eV + 34.0eV=-748¢eV
The experimental value is —79.0eV.

The Variational method

In variational method wavefunction is written with few adjustable parameters.

The choice of best orbital is Slater orbital. In Slater orbital angular part is same as Hydrogen
like orbital but radial part is different.

5 n+1/2 1
Relater = _é’ rM e/
3 (2n)!

The parameter ¢ is called orbital exponent.

- [v Hopwdz

[v'ydr

w is the approximate wave function.

Now E >E°
Where, E is the true value.

Minimizing the E with respect to adjustable parameter.
Consider He atom, in hydrogen like orbital Z is replace by Z'.

, 3
v= (lj[ij exp(~2'; | 20)exp(-Z', / 29)
7T )\ Qg
h2 ( 2 2) Ze2 Ze2 e2

H. =— — — +
op 87[2m 1 2 (471'80)I’1 (471'6'0)"2 (472'80) r12

- . 27
and E=[y'H wdr =|-22%+227'|E
J"/’ op¥ [ 2 :| H

Now (Ej = (—42' +£j Ey =0
P 4

!

2
16

(%] (55| rasen-rse

SCF (Self-Consistent Field) Method (Hartree — 1928)
(i) Total wave function of a system is a product of one-electron wave function.

v =pQ)p(2).....p(N)
One electron wave function is written as trial function.

ZI
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(ii) Each electron is moving in an average spherically symmetric potential energy V. The
potential energy arises due to nuclear attraction and repulsion from all other electrons. V;
obtain numerically using electrons wave function.
(iii) Write one electron Schrodinger equation

2

h? n
—— V2 +Vip =Eipp E=YE
87z2m 171 171 171 le |

Hop¥mo = E¥mo

Or, {2r+r2[—£ﬂe_2”a° =0
N



hree(i) Vector addition d+b=b+a
(i) Multiplication of vector by a scalar |1d] =

Ajd

(iii) Components of vector F=x +Yyj+2zk

(@+b)+c=a+(b+c)
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