Infinite Series of real numbers

Mathematics Sem 2, CC 3

Definition: Let {x,} be sequence of real numbers then x; + x5 + x5 + - is a
series of real numbers and is denoted by ),;’_; x,,. We consider the sequence
{s,}, where s, = x; + - + x,,, called the sequence of partial sum corresponding
to the series .1 x,. A series )7, is said to e convergent if the
corresponding sequence of partial sums {s,, } is convergent. The sum of the series

Yomeq Xy is s = lim,_ S,.
Problem: Test the convergence of the following series:

) l4ax+xZ+-
i) 1-1+1—1+

i) 1+1+1+4--
1 1 1

V) et e
. . n _ 1=x"
Solution: i) s, = I'+x + -+ x" = -
1-x L for |x| <1
Therefore. limyse, S, = lim,, o, —— = { 1-x .
1=x does not exist for |x| > 1

Hence the series +x + x? + -+ is convergent for |x| < 1 and divergent for

|x] = 1.

i)s;=1,s, =0,s3=1,54, =0, ...



In general s,, =0and sy,;,1 =1Vn. Hence {s,} is not convergent and

consequently the given series is not convergent.

iii) Heres,, = n Vnand solim,_ s, does not exist finitely. Hence the given

series is not convergent.

. 1 1 1 1 1 1 1 1 1 1

V)Here s, = o+ i T G-2+G-3)++G-m)ei—mm
: : 1

Therefore lim,,_,,, S, = lim,, (1 —n—+1) =1.

Hence the given series is convergent.

Theorem: Cauchy’s general principle of convergence for infinite series: A series

Ym=1 X, is convergent if and only if for any & >"0,there exists a positive integer K

such that |xn+1 + -+ xn+p| <eg"Vn=K,p=123,..
Problem: Test the convergéence of the sefies 1 —1+1—1 + ---.

Hint: [x, 1 + x40l = 2 q:% for any n .Hence by Cauchy’s general principal of

convergence the given series is.not convergent.

, 1 1 :
Problem: Show that the séries Z;‘f;ln—z & Z;’l‘;lz—n are convergent but the series

> &%
Y=t —is ot convergent.
Solution: Left@as exercise.

. 1 . .
Note: The serie Z;‘len—p,p > 0, called p-series, is convergent for p > 1 and

divergent forp < 1.



Note: If a series )5 —1 X,, is convergent then lim,,_,,, x, = 0. The converse is not

. 1. . 1
true. For example, the series Z; is not convergent although lim,,_,, ~= 0.

Theorem (Comparison test): Let },;’_; a, and }.._; b, be two series of positive
real numbers such that a, <lb, Vn = K,a positive integer and | >

0, a real number. Then

i) If Y.;—1 by, is convergent then ),7°_; a,, is also convergent.

ii) If Y01 @, is divergent then),;_ b, is also convergent.

Theorem (limit form of comparison test): Let }.;’_1 d,, and Y.7°-, b, be two series

of positive real numbers and [ > 0 be a positive wreal ‘number such that
limn_moz—”=l. Then the series Y, —jap and >.°_1b, converge or diverge

n

together.

Problem: Test the convergence of the following series:

: o 1
I _ —
) Zn_1n2+n+1
.. - 1
ii _
) Zn= 2n+1
0 n
iii _
) 2:n_ln+1
Solution/Hint: i) \ Let a, = L and b, = L Then lim,_ . = =
o n24n+1 n p2 n b,
) n? 4 . w 1 . ) . .
llmn_mm— 1+#0. Since anln—z is convergent the given series is
convergent (by comparison test).
1 1 a n 1
ii Leta, = —— and b, =—. Thenlim — = lim —— =-=*0. Since
) o 2n+1 oo n=ep n=>%on+1 2

Yom=1 — s divergent the given series is divergent (by comparison test).



iii) Left as an exercise.

Theorem (D. Alembert’s Ratio Test): Let ).;_;a, be a series of positive real

numbers such that lim,, _,, aZ“ = 1.

n

i)If | <1 then the series )., a, is convergent.

i) If l > 1 then the series ),;’—1 a,, is divergent.

Problem: Test the convergence of },7°_; zin

Ani1 . (n+1)2™ 1
o Mo el g

Solution: Let a,, = Zn—n Then lim,, o,

n

So by D. Alembert’s Ratio test the given series is convergent.

1.3:5

1, 13
Problem: Test the convergence of 1 + N Ry - o . + -

Solution: Left for the readers.

Theorem (Cauchy Root Test): Let)."_ @, be a series of positive real numbers such
that\/a, = L

i)If | <1 then theseries Y. aq a,, is convergent.

i) If I >,1 then the'series )., a,, is divergent.

2 3

2 3
Problem: Test the convergence of §+ (E) + (;) + -

n
o . . . n
Solution : The given seriesis )., a,, ,Wwhere a,, = (2 +1) :
n

)n=lim = —l<1

. n J— 1 " n
Therefore, lim,_, \/a, = lim,_ ( nooo 2n+1 2

2n+1



So by Cauchy Root Test the given series is convergent.

1 . .
Theorem (Kummer’s Test): Let),’_;a, and Z,"f:lb— be two series of positive real

an

numbers and let ¢,, = b, — b,41.

an+1
If lim,,_,., C, =1 >0 then };_;a, is convergent.

If lim,_., C, =1 <0 and Z,"{’Zlbi is divergent then };°_;@, is divergent.

Theorem (Gauss’s Test): Let ). a, be a series of positive reallnumbers and let

Un

=1+ % + :—’; where p > 1 and the sequence {b,4}'is boundedsThen,

Un+1

Y. u, is convergentif a > 1, ), u, is divergent.if a < 1.

Theorem (Alternative form of Gauss’s Test): Let )5 —; a,, be a series of positive real

Un

numbers and let =1+=-4% (i) where p> 1. Then,
n np

Un+1

Y. u, is convergent if a > 1, ), uy,is divergent if a < 1.
(0 (nip) = h(n) = thesequence'{h(n).n?}is bounded.

Problem: Test the convergence of the following series:

1+(2>2+(2 4)2+(2 4 6)2+
3 3'5 3'5°7

2 4 2n—2)2
)

- = .. n = 2.
35 2n—1

Solution: Let un:(

b 1 :
Thenu—":1+l+%:1+g+—" wherea = 1and b, == Vn and so {b, } is
Up4+1 n  4n n nP 4

a bounded sequence. Hence by Gauss’s test the given series is divergent.



Problem: Test the convergence of the following series:

. 135 2n-1)\2
Solution: Letunz(g.z.g... z ) ,n = 2.

Then -t = E12E _ (4 4 1) (4 4 L)~

2 1 1 1 1 1
= (1+—+—2>[1——+0(—2)] = 1+—+0(—2-)
n n n n n n
Hence by Gauss’s test the given series is convergent.

Alternating series:

Definition: A series in the form Yo 3(=1)"*la, ‘that isa; —a, + as —a, + -+,

where a,, > 0, is called an alternating series.

Theorem (Leibnitz’s test): If a sequence{a, } of positive real numbers is monotonic
decreasing and lim, ., @, = 0 then the alternating series Y%_,(=1)"*la, s

convergent.

Proof: Letss, =.a; =a, + az —ay + -+ (—=1)"a,.

Then Sy 49— Sop= Qo1 — Aonaz = 0 Vn € N (as {a,,} is monotonic decreasing)
Hence sy,42 ='S3, 0 Vn € N and so {s,,} is monotonic increasing.

Also  Sypi1 —Sypo1=—p +ayp1 < 0VneN (as {a,} is monotonic

decreasing)

SO Syp41 < Sop—1 Vn € N and hence {s,,, 11} is monotonic decreasing.



Again Son = a1 — Ay + asz — ay + e — Aorn
=a; —(az —az) — (ag —as) + -+ — az, < ay.

Therefore the sequence {s,,}is convergent as it is monotonic increasing and

bounded above.
Also, Sop41 = ag —ay +az —ag + -+ az,aq
= (ay —az) + (az —ay) + -+ azp41 > a1 — ay.

Therefore the sequence {s,,,1}is convergent as it is_monatonic decreasing and

bounded below.
Also limy, o (Sop41 — S2p) = lim,, Lo apy1 =.0.

So {s,,} and {s,,,1} converges to same, limit and hence the sequence {s,} is

convergent. Consequently Y 2#(—1)"*1aq, is‘convergent.

Problem: Test the convergence of the following series:

ii) 1——=4+—=——=+"=
. . . 1 . . .
Solution/ Hints:i),Here a, = ~ Vn. So the sequence {a,, } is monotonic decreasing

sequence of positive real numbers. Hence by Leibnitz’s test the given series

, 1,1 1 :
Yo (=D a, thatis 1 — 5 T3~ ;1 isconvergent.

. 1 : . .
i) Here a, = N Vvn. So the sequence {a,, } is monotonic decreasing sequence of

positive real numbers. Hence by Leibnitz’s test the given series Z?le(—l)”“an

. 1 1 1 ,
thatis 1 — 7 + N + .-+ is convergent.



Absolute Convergence: a series ), _1a, is said to be absolutely convergent if

the series )."_1|a, | is convergent.

Note: If a series is absolutely convergent the it is convergent. But the converse is

not true ( see the example below).

. 1.1 1 .
Note: The series }.;—1a, =1 — 2 + 371 + .-+ is convergent but net absolutely

but the series ', (a,,)? is convergent.

. 1 1 1 .
Note: The series }.)—1a, =1 ——=+ 57 + ---is absolutely .convergent and

NN RN

hence convergent but ¥%_,(a,)? is not convergentt
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