
 

 

Series of real numbers 

Mathematics CC 2/GE 2  

 

Definition: Let  𝑥𝑛   be sequence of real numbers then 𝑥1 + 𝑥2 + 𝑥3 + ⋯ is a 

series of real numbers and is denoted by  𝑥𝑛
∞
𝑛=1 . We consider the sequence 

 𝑠𝑛 , where 𝑠𝑛 = 𝑥1 + ⋯ + 𝑥𝑛 , called the sequence of partial sum corresponding 

to the series  𝑥𝑛
∞
𝑛=1 .  A series  𝑥𝑛

∞
𝑛=1  is said to be convergent if the 

corresponding sequence of partial sums  𝑠𝑛  is convergent. The sum of the series 

 𝑥𝑛
∞
𝑛=1  is s = lim𝑛→∞ 𝑠𝑛 .  

Problem: Test the convergence of the following series:  

i) 1 + 𝑥 + 𝑥2 + ⋯ 

ii) 1 − 1 + 1 − 1 + ⋯ 

iii) 1 + 1 + 1 + ⋯ 

iv) 
1

1𝑋2
+

1

2𝑋3
+

1

3𝑋4
+ ⋯ 

Solution: i) 𝑠𝑛 = 1 + 𝑥 + ⋯+ 𝑥𝑛 =
1−𝑥𝑛

1−𝑥
. 

Therefore  lim𝑛→∞ 𝑆𝑛 = lim𝑛→∞
1−𝑥𝑛

1−𝑥
=  

1

1−𝑥
    𝑓𝑜𝑟   𝑥 < 1

𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑓𝑜𝑟  𝑥 > 1 
 .  

Hence  the series +𝑥 + 𝑥2 + ⋯  is convergent for  𝑥 < 1  and divergent for 

 𝑥 ≥ 1. 

ii) 𝑠1 = 1, 𝑠2 = 0, 𝑠3 = 1, 𝑠4 = 0,… 



 

 

In general 𝑠2𝑛 = 0 𝑎𝑛𝑑 𝑠2𝑛+1 = 1 ∀𝑛 . Hence  𝑠𝑛  is not convergent and 

consequently the given series is not convergent. 

iii) Here 𝑠𝑛 = 𝑛  ∀𝑛 and so lim𝑛→∞ 𝑠𝑛  does not exist finitely. Hence the given 

series is not convergent. 

iv)Here 𝑠𝑛 =
1

1𝑋2
+ ⋯+

1

𝑛(𝑛+1)
=  

1

1
−

1

2
 +  

1

2
−

1

3
 + ⋯ +  

1

𝑛
−

1

𝑛+1
 =

1

1
−

1

𝑛+1
 

Therefore lim𝑛→∞ 𝑆𝑛 = lim𝑛→∞(1 −
1

𝑛+1
) = 1. 

Hence the given series is convergent. 

Theorem: Cauchy’s general principle of convergence for infinite series:  A series 

 𝑥𝑛
∞
𝑛=1  is convergent if and only if for any 𝜀 > 0 there exists a positive integer 𝐾 

such that  𝑥𝑛+1 + ⋯+ 𝑥𝑛+𝑝  < 𝜀     ∀𝑛 ≥ 𝐾, 𝑝 = 1,2,3, … 

Problem: Test the convergence of the  series 1 − 1 + 1 − 1 + ⋯. 

Hint:  𝑥𝑛+1 + 𝑥𝑛+2 = 2 ≮
1

2
  𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛 .Hence by Cauchy’s general principal of 

convergence the given series is not convergent. 

Problem: Show that the series  
1

𝑛2
  &  

1

2𝑛
∞
𝑛=1

∞
𝑛=1   are convergent but the series 

 
1

𝑛
∞
𝑛=1  is not convergent. 

Solution: Left as exercise. 

Theorem (Comparison test): Let  𝑎𝑛
∞
𝑛=1  and  𝑏𝑛

∞
𝑛=1  be two series of positive 

real numbers such that 𝑎𝑛 ≤ 𝑙𝑏𝑛    ∀𝑛 ≥ 𝐾, 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑎𝑛𝑑 𝑙 >

0, 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟. Then 



 

 

i) If  𝑏𝑛
∞
𝑛=1  is convergent then  𝑎𝑛

∞
𝑛=1  is also convergent. 

ii) If  𝑎𝑛
∞
𝑛=1  is divergent then 𝑏𝑛

∞
𝑛=1  is also convergent. 

Theorem (limit form of comparison test): Let  𝑎𝑛
∞
𝑛=1  and  𝑏𝑛

∞
𝑛=1  be two series 

of positive real numbers and 𝑙 > 0 be a positive real number such that 

lim𝑛→∞
𝑎𝑛

𝑏𝑛
= 𝑙 . Then the series  𝑎𝑛

∞
𝑛=1  and  𝑏𝑛

∞
𝑛=1  converge or diverge 

together. 

Problem: Test the convergence of the following series: 

i)  
1

𝑛2+𝑛+1
∞
𝑛=1  

ii)  
1

2𝑛+1
∞
𝑛=1  

iii)  
𝑛

𝑛+1
∞
𝑛=1  

Solution/Hint: i) Let 𝑎𝑛 =
1

𝑛2+𝑛+1
   𝑎𝑛𝑑  𝑏𝑛 =

1

𝑛2
. Then lim𝑛→∞

𝑎𝑛

𝑏𝑛
=

lim𝑛→∞
𝑛2

𝑛2+𝑛+1
= 1 ≠ 0 .  Since  

1

𝑛2
 ∞

𝑛=1  is convergent the given series is 

convergent (by comparison test). 

ii) Let 𝑎𝑛 =
1

2𝑛+1
   𝑎𝑛𝑑  𝑏𝑛 =

1

𝑛
. Then lim𝑛→∞

𝑎𝑛

𝑏𝑛
= lim𝑛→∞

𝑛

2𝑛+1
=

1

2
≠ 0.  Since 

 
1

𝑛
 ∞

𝑛=1  is divergent the given series is divergent (by comparison test). 

iii) Left as an exercise. 

Theorem (D. Alembert’s Ratio Test): Let  𝑎𝑛
∞
𝑛=1  be a series of positive real 

numbers such that lim𝑛→∞
𝑎𝑛+1

𝑎𝑛
= 𝑙.  

i)If 𝑙 < 1  then the series  𝑎𝑛
∞
𝑛=1  is convergent. 



 

 

ii) If 𝑙 > 1  then the series  𝑎𝑛
∞
𝑛=1  is divergent. 

Problem:  Test the convergence of  
𝑛

2𝑛
∞
𝑛=1 . 

Solution: Let 𝑎𝑛 =
𝑛

2𝑛
. Then lim𝑛→∞

𝑎𝑛+1

𝑎𝑛
= lim𝑛→∞

 𝑛+1 2𝑛

2𝑛+1𝑛
=

1

2
< 1. 

So  by D. Alembert’s Ratio test the given series is convergent. 

Problem:  Test the convergence of 1 +
1

2
+

1.3

2.4
+

1.3.5

2.4.6
+ ⋯ 

Solution: Left for the readers. 

Theorem (Cauchy Root Test): Let  𝑎𝑛
∞
𝑛=1  be a series of positive real numbers such 

that  𝑎𝑛
𝑛 = 𝑙.  

i)If 𝑙 < 1  then the series  𝑎𝑛
∞
𝑛=1  is convergent. 

ii) If 𝑙 > 1  then the series  𝑎𝑛
∞
𝑛=1  is divergent. 

Problem: Test the convergence of    
1

3
+  

2

5
 

2
+  

3

7
 

3
+ ⋯ 

Solution : The  given series is   𝑎𝑛
∞
𝑛=1 , 𝑤𝑕𝑒𝑟𝑒 𝑎𝑛 =  

𝑛

2𝑛+1
 
𝑛

.  

Therefore,   lim𝑛→∞  𝑎𝑛
𝑛 = lim𝑛→∞   

𝑛

2𝑛+1
 
𝑛𝑛

= lim
𝑛→∞

𝑛

2𝑛+1
=

1

2
< 1 

So by Cauchy Root Test the given series is convergent. 

Theorem (Rabbe’s Test): Let  𝑎𝑛
∞
𝑛=1  be a series of positive real numbers such 

that lim𝑛→∞ 𝑛  
𝑎𝑛

𝑎𝑛+1
− 1 = 𝑙.  

i)If 𝑙 > 1  then the series  𝑎𝑛
∞
𝑛=1  is convergent. 



 

 

ii) If 𝑙 < 1  then the series  𝑎𝑛
∞
𝑛=1  is divergent. 

Problem: Test the convergence of the following series: 

           1 +
1

2
.

1

3
+

1

2
.

3

4
.

1

5
+

1

2
.

3

4
.

5

6
.

1

7
+ ⋯    . 

Solution/ Hints: Here  𝑎𝑛 =
1.3.5….(2𝑛−5)

2.4.6….(2𝑛−2)
.

1

(2𝑛−1)
     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 2. 

Therefore   lim𝑛→∞ 𝑛  
𝑎𝑛

𝑎𝑛+1
− 1 =

3

2
> 1. 

Hence  by Rabbe’s test the given series is convergent.      

Alternating series:  

Definition: A series in the form    −1 𝑛+1𝑎𝑛
∞
𝑛=1   that is 𝑎1 − 𝑎2 + 𝑎3 − 𝑎4 + ⋯ ,  

where 𝑎𝑛 > 0 , is called an alternating series. 

Theorem (Leibnitz’s test): If a sequence {𝑎𝑛 } of positive real numbers is monotonic 

decreasing  and lim𝑛→∞ 𝑎𝑛 = 0  then the alternating series    −1 𝑛+1𝑎𝑛
∞
𝑛=1    is 

convergent. 

Problem: Test the convergence of the following series: 

i) 1 −
1

2
+

1

3
−

1

4
+ ⋯ 

ii) 1 −
1

 2
+

1

 3
−

1

 4
+ ⋯ 

Solution/ Hints: i) Here  𝑎𝑛 =
1

𝑛
   ∀𝑛. So the sequence  𝑎𝑛  is monotonic decreasing 

sequence of positive real numbers. Hence by Leibnitz’s test the given series 

  −1 𝑛+1𝑎𝑛
∞
𝑛=1    that is 1 −

1

2
+

1

3
−

1

4
+ ⋯  is convergent. 



 

 

ii) Here  𝑎𝑛 =
1

 𝑛
   ∀𝑛. So the sequence  𝑎𝑛   is monotonic decreasing sequence of 

positive real numbers. Hence by Leibnitz’s test the given series   −1 𝑛+1𝑎𝑛
∞
𝑛=1    

that is 1 −
1

 2
+

1

 3
−

1

 4
+ ⋯ is convergent. 

Absolute Convergence:  a series  𝑎𝑛
∞
𝑛=1    is said to be absolutely convergent if 

the series   𝑎𝑛  
∞
𝑛=1  is convergent. 

Note: If a series is absolutely convergent the it is convergent. But the converse is 

not true ( see the example below). 

Note: The series  𝑎𝑛
∞
𝑛=1 = 1 −

1

2
+

1

3
−

1

4
+ ⋯    is convergent but not absolutely 

but the series   𝑎𝑛 
2∞

𝑛=1  is convergent. 

Note: The series  𝑎𝑛
∞
𝑛=1 = 1 −

1

 2
+

1

 3
−

1

 4
+ ⋯ is absolutely convergent and 

hence convergent but   𝑎𝑛 
2∞

𝑛=1  is  not convergent. 
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