Series of real numbers

Mathematics CC 2/GE 2

Definition: Let {x,} be sequence of real numbers then x; + x5 + x5 + - is a
series of real numbers and is denoted by ),;’_; x,,. We consider the sequence
{s,}, where s, = x; + - + x,,, called the sequence of partial sum corresponding
to the series .1 x,. A series )7, is said to e convergent if the
corresponding sequence of partial sums {s,, } is convergent. The sum of the series

Yomeq Xy is s = lim,_ S,.
Problem: Test the convergence of the following series:

) l4ax+xZ+-
i) 1-1+1—1+

i) 1+1+1+4--
1 1 1

V) et e
. . n _ 1=x"
Solution: i) s, = I'+x + -+ x" = -
1-x L for |x| <1
Therefore. limyse, S, = lim,, o, —— = { 1-x .
1=x does not exist for |x| > 1

Hence the series +x + x? + -+ is convergent for |x| < 1 and divergent for

|x] = 1.

i)s;=1,s, =0,s3=1,54, =0, ...



In general s,, =0and sy,;,1 =1Vn. Hence {s,} is not convergent and

consequently the given series is not convergent.

iii) Heres,, = n Vnand solim,_ s, does not exist finitely. Hence the given

series is not convergent.

. 1 1 1 1 1 1 1 1 1 1
)Here s, = o+ e T G-2)+G-D++G-msi—im

: : 1
Therefore lim,,_,,, S, = lim,, (1 —n—+1) =1.

Hence the given series is convergent.

Theorem: Cauchy’s general principle of convergence for infinite series: A series
Ym=1 X, is convergent if and only if for any & >"0,there exists a positive integer K

such that |xn+1 + -+ xn+p| <eg"Vn=K,p=123,..
Problem: Test the convergéence of the sefies 1 —1+1—1 + ---.

Hint: [x, 1 + x40l = 2 q:% for any n .Hence by Cauchy’s general principal of

convergence the given series is.not convergent.

, 1 1 :
Problem: Show that the séries Z;‘f;ln—z & Z;’l‘;lz—n are convergent but the series

of 1.
Y=t —is ot convergent.

Solution: Left@as exercise.

Theorem (Comparison test): Let ).;’—; a, and }.;°_; b, be two series of positive
real numbers such that a, <lb, Vn = K,a positive integer and | >

0, a real number. Then



i) If Y.>—1 b, is convergent then ),7°_; a,, is also convergent.

ii) If Yo—1 a, is divergent then);—; b, is also convergent.

Theorem (limit form of comparison test): Let };;’_; a,, and Y..°_; b,, be two series

of positive real numbers and [ > 0 be a positive real number such that

. a,
lim,, o ™

n

=1[. Then the series },;—1a, and Y._; b, converge or diverge

together.

Problem: Test the convergence of the following series:

. o 1
I _ —
) Z”_l nZ+n+1
.o w 1
i o
) Zn=1 2n+1
s n
iii o —
) Zn—l n+1
. . . _ _ 1 . ap,
Solution/Hint: i) Let _ap= eI and,\ b, = = Then lim,,_ =
. n? _ . o @l . . . .
llmn_)oom— 1+#0. “Since Zn=1ﬁ is convergent the given series is
convergent (by compatison test).
1 1 a n 1
ii Leta, = —— and. b,/=—. Thenlim — = lim —— =-%*0. Since
) o 2n%1 W on n=ep, n=>92n+1 2

Yeq = Is divergent the given series is divergent (by comparison test).

iii)  Leftas an'exercise.

Theorem (D. Alembert’s Ratio Test): Let ),;_;a, be a series of positive real

numbers such that lim,, aZ“ = [.

n

i)If | <1 then the series )., a,, is convergent.



i) If I > 1 then the series )., 1 a,, is divergent.

Problem: Test the convergence of }.>°_; Zn—n

Ani1 _ qs (m+1)2" 1
= lim,, i, _E< 1.

Solution: Let a,, = Zn—n Then lim,, o,

So by D. Alembert’s Ratio test the given series is convergent.

1.3.5

1 13
Problem: Test the convergence of 1 + > + T2 + T1e + -

Solution: Left for the readers.

Theorem (Cauchy Root Test): Let )..°_; a,, be a series of positive real numbers such

that\/a, = L
i)If | <1 then the series )., a,, is convergent.

i) If l > 1 then the series )., a,, is divergent.

2 3

2 3
Problem: Test the convergence of §+ (E) + (;) + -

n
o . . . n
Solution : The given series is Y., a, ,Wwhere a,, = (2 +1) :
n

n n \" n 1
Therefore, lim Ma, = lim ( ) =lim ==-<1
! “ n n-o 2n+1 n—oo 2n+1 2

So by Cauchy Root Test the given series is convergent.

Theorem (Rabbe’s Test): Let ).;_; a, be a series of positive real numbers such

that lim,, _,, n( Tn 1) =1l

An+1

i)If L > 1 then the series )., a,, is convergent.



i) If | <1 then the series )., 1 a,, is divergent.

Problem: Test the convergence of the following series:

1+

N | =
W

4_

N | =
oW
Ul | -

4_

N | =
oW
oclm
\].lb—\

+ -

1.3.5...(2n=5) 1
2.4.6...2n-2) (2n—-1)

Solution/ Hints: Here aq,, = foralln = 2.

an

Therefore lim,,_,4 n( — 1) = % > 1.

an+1

Hence by Rabbe’s test the given series is convergent.

Alternating series:

)n+1

Definition: A series in the form Y (-1 a, athatlisa; —a, +a; —ay + -,

where a,, > 0, is called an alternating series.

Theorem (Leibnitz’s test): If @ sequence {a,;}.of positive real numbers is monotonic
decreasing and lim,_,,, a, =0 then thédalternating series Y*_,(=1)"*la, s

convergent.

Problem: Test the convergence of the following series:

1
i) 1-_-+-—__Z-+
.. 1 1 1
ii) 1—-7§+-1§—-7i+'“‘

. . . 1 . . .
Solution/ Hints: i) Here a, = - Vn. So the sequence {a,, } is monotonic decreasing
sequence of positive real numbers. Hence by Leibnitz’s test the given series

_ 1,1 1 :
Yo=1(-D"a, thatis1—-+2—+ isconvergent.



. 1 . . .
i) Here a, = —= Vn. So the sequence {a,, } is monotonic decreasing sequence of

Vn
positive real numbers. Hence by Leibnitz’s test the given series Zle(—l)“lan

. 1 1 1 ,
thatis 1 — N3 + N + -+ is convergent.

Absolute Convergence: a series ),;_1a, is said to be absolutely convergent if

the series ),,°_1|a, | is convergent.

Note: If a series is absolutely convergent the it is convergent. But the converse is

not true ( see the example below).

. 1.1 1 .
Note: The series }.;—1a, =1 — 2 + 371 + -+ is convergent but not absolutely

but the series ¥'>_;(a,,)? is convergent.

1 1 1 ,
\/_7+\/_§_\/_Z+ .-+ IS absolutely convergent and

hence convergent but Y%_(@;)? is noticonvergent.

Note: The series }.;—1a, =1 —

References:

1. Introduction to-Real Analysis: S. K. Mapa, ISBN: 81-87169-02-8
2. An introduction to'Analysis — Differential Calculus —Part I: R. K.

Ghosh.& K. C. Maity, ISBN: 81-7381-437-6.



