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Definition (Neighbourhood of a point): Let x be a real number and S beqa ;&. is

said to be a neighbourhood of x if there exists an open interval I, such that x\ S.

Note: If S is a neighbourhood of x then x € §. Is the converse true? \)
11 .
Ans: No. For example the sets {1,5,5, } &[0,1] ={x € Rxsﬁgcontams 1 but none

is a neighbourhood of 1 (Why?) %
Result: If S is a neighbourhood of x and S € T then T is%also a ficighbourhood of T.

Proof: Let S be a neighbourhood of x and S QK“ there exists an open interval I, such

that x €I, €S © T .Hence T is aneighb rh%

Note: (0,1) ={x e R:0<x<1},[ 1% 0 <x<1}&[0,1]U{2,3} are also
neighbourhoods of% (Why?).

Note: For any real number x a %« ositive , N5(x) = (x — §,x + &) is a neighbourhood

of x , called § neighbourho

Note: Any open inte %r ighbourhood of all its points (why?). The set R, the set of all
real numbers, is a onbood of all real numbers(why?).

Definition; Let S,be a subset of R and x be a real number. x is said to be an interior point of S
if there e neighbourhood N (x) of x such that N(x) € S.

x%ﬂ an exterior point of S if there exists a neighbourhood N(x) of x such that
N( =\0.

X is said to be a boundary point of S if every neighbourhood of x contains at least one point
of S and contains one point which is not a point of S.

Note: If x is an interior point of s then x € S. If x is an exterior point of sthenx € S. If x is a
boundary point of s then x may or may not be point of S (why?).



Problem: Find the set of all interior points, exterior points and boundary points of the
following sets: i) R i) (0,1] iii) N iv) { 'n € N} v) Q vi) R\Q.
Solution: Left as exercise.

Definition: A set S is said to be open if each point of S is an interior point of S.

Note: @ & R are open sets. %
Theorem: Open interval (a,b) is an open set. %

Proof: Left for the readers. \%

Question: Is the converse of above theorem true? Justify. (

Answer: No. The set (0,1) U (2,3) is open (why?) but not an@

Theorem: Finite union of open set is open.

Proof: Let Sy, ..., S be k (finite) open sets. Le x%u "US,. Thenx €S; forsomei €
{1,...,k}. Then§; > 0 such that (x — &;, x + NG'S; U ..U S,. Hence x is an interior
point of §; U ...U S, . Since x is arbitrar ..U S, each point of S{ U ...U S} is an

is open.

interior point of S; U ...U .. Hence
Theorem: Arbitrary union of open set\s o

Proof/ Hints: Let {S,:a € A} b %trary collection of open sets, where A being index set.
Letx € Ugep S, thenx € S e A € A. Rest part of the proof is similar to the proof of

previous theorem.
oh of open sets is open

Theorem: Finitesint ' i .
Proof: Le i@ k (finite) open sets. If §; N ... NS, = @, nothing to prove.

he case when $;N ...NS, # @. Letx € ${N ...NS,. Then x € 5y, ..., S. Then
th% 6, >0, i=1,..,k such that N(gl,(X) =((x—-96;,x+8,)CS; foralli=1,..,k.

Let 6 ¥ min{d;,...,8,} . Then §>0 and Ns(x) =(x—-8,x+8) S (x—-8,x+6;)C
S; foralli=1,..,k. Hence there exists a neighbourhood Ng(x) of x such that Ns(x) €

S1N...NS,. Hence x is an interior point of $;MN ...NS,. Since x is an arbitrary point of
S1N ... NS, SN ... NS} is open.




Question: What can you say about arbitrary intersection?

Answer: Arbitrary intersection of open sets may not be open. For example, each I, =

(—l,l),n € Nisopen but N;_1 1, = Ny—1 (—%,%) = {0} which is not open (why?).

nn

Definition: The set of all interior points of a set S is called interior of S and is denotéd.by S°.

Theorem: The interior of a set is an open set. %
N %

Proof: Proof is left for the readers. \
Notel: Interior of a set S is the largest open set contained in S (Why?).\c.3

Note2: Union of all open sets contained in a setS is the interior o he%

Problem: Find the interior of the sets (0,1), [0,1], {0,1}, (0,1@11& N, &:n € N} u {0}.
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