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SYLLABUS
UNIT 2 :  PART 1

Simplex method for solving L.P.P.

 Charne’s M-technique for solving L.P.P. 

involving artificial variables.

Special cases of L.P.P.
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FUNDAMENTAL THEOREM OF LINEAR PROGRAMMING

If the LPP admits of an optimal solution, then the optimal 

solution will coincide with at least one B.F.S. of the problem

Proof: Let us consider the LPP in its standard form:

Maximize Z = cx

Subject to Ax = b ……(1)

X  0

Let the m×n (m < n) matrix A is given by

A = [ a1 a2 … am]

Where aj is an m-component column vector given by

aj = [ a1j a2j … amj]

Let us consider that x* is an optimal solution of the above LPP
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Without  loss of generality , we assume that the first p components of 

x* are non-zero & positive and the remaining (n-p) components of x*

are zero.

Thus, x* = [x1, x2, … , xp ,                       ]

Then Ax* =b 

So that …..(3) 

Now, if p  m the vectors a1  a2 …  ap corresponding to non zero 

components of x* are linearly independent, then x* is a B.F.S. 

But, if p> m the vectors a1  a2 …  ap corresponding to non zero 

components of x* are linearly dependent, then there exists j , 

j=1,2,…,p of which at least one j > 0 and

.….(4)
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x1a1 + x2 a2 + + xpap = b  ……(2)

p

max j j

j=1

z* = z c x=

p

j j

j=1

 = a 0

n-p

0,0,...,0
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Max so that 0 as x ,λ >0 (5)
x

  
 =   

  
Let

Dividing (4) by  and subtracting  it from (2) we get

i

1

* 1 2
1 1 2 p

x

Hence x , x , , x ,0,0, ,0 (6)

=

 
− = 
 

       
= − − −     

        


p

i
i

i

p

a b

x

is a solution of   (1)

Now,

So that        is also a  feasible solution.

j

j

so that x 0 for j=1,2,...,p
x

 
  − 



j

j

*

1x
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Again, for at least one j

So that the solution      cannot contain more than (p – 1) non zero

variables. In this way the no. of positive variables giving an optimal 

solution can be reduced.

Now, let

If ,  so that is an optimal 

solution.

Let us assume that (8) does not hold and we can find a suitable 

such that 

j j

j

j

λ λ
μ = so that x =0

x μ
−

*

1x

*

1 j j j

1 1 1 1

1
z c x c x * c (7)

= = = =

  
 = = − = − = −  

   
   

p p p p
j j

j j j j

i i i i

cx c z

1

=0 (8) then z =z*
=


p

j j

j

c

*

1x

p p

j j j j

j=1 j=1

γ c λ >0 i.e. c (γλ )>0 
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Adding to both sides , we get

Again multiplying (4) by  and adding to (2)

is also a solution of the system  Ax =b

Now we choose  such that xj +j  0 for all j =1,2,…,p

 is unrestricted in sign if j = 0 

p

j j

j=1

c x
p

j j

j=1

c (x +γλ )> z* (9) j

( )

( ) ( ) ( )

i

1

*

2 1 1 2 2 p

x

Hence x , x , , x ,0,0, ,0 (10)

=

−

+  =

 
 = +  +  + 
  


p

i i

i

p

n p

a b

x

j j

j j

j j

x x
or, γ if λ > 0 and γ if λ < 0

λ λ
 −  −
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jj

j j

jj
j jλ <0λ >0

x x
Max - γ Min -

λ λ

      
    

      

Now (10) becomes a feasible solution of Ax = b, x  0

Thus choosing  in a manner

we see from (9) that feasible solution (10) gives a greater value of 

the objective function z*

But this contradicts our assumption that z* is the optimal value.

So that

Hence      is an optimal solution.

Thus we show that from the given optimal solution we can construct a 

new optimal solution, the number of non-zero variables in it being less 

than that of the given solution.

1

=0
=


p

j j

j

c

*

1x
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If the vectors associated with the new non-zero variables be linearly 

independent, then the new solution will be a B.F. S. and hence the 

theorem follows. 

If again the new solution be not be a B.F.S. then we can further 

diminish the non-zero variables as above to get a new set of optimal 

solution.

We may continue the process until the optimal solution obtained is a 

B.F.S. and hence the theorem.
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SIMPLEX METHOD FOR SOLVING LPP 

Problem:

Apply simplex method to find the optimal solution of 

the following LPP.

Maximize Z = 4x1   +   3x2 

Subject to   3x1   +   x2    15

3x1  + 4x2      24

x1 , x2  0
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cj 4 3 0 0 Min Ratio
bi / aijcB B xB b a1 a2 a3 a4

0 a3 x3 15 3 1 1 0 5  →

0 a4 x4 24 3 4 0 1 8

Z=cBb= 0 zj − cj -4 -3 0 0

SIMPLEX METHOD FOR SOLVING LPP 

Table 1

Introducing slack variables x3 & x4 the problem can be 

written in the standard form as:

Maximize Z = 4x1   +   3x2 + 0. x3   +  0.x4

Subject to   3x1  +   x2  +  x3   = 15

3x1  + 4x2  +  x4 = 24

x1 , x2, x3, x4  0
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cj 4 3 0 0

cB B xB b a1 a2 a3 a4

Min Ratio = bi / 
aij

0 a3 x3 15 3 1 1 0 5  →

0 a4 x4 24 3 4 0 1 8

zj − cj -4 -3 0 0

cj 4 3 0 0

cB B xB b a1 a2 a3 a4 Min Ratio = bi / aij

4
a1 x1 5 1 1/3 1/3 0 15

0 a4 x4 9 0 3 -1 1 3 →

zj − cj 0 -5/3 4/3 0

Table 1

Table 2
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cj 4 3 0 0

cB B xB b a1 a2 a3 a4 Min Ratio = bi / aij

4 a1 x1 4 1 0 4/9 -1/9

3 a2 x2 3 0 1 -1/3 1/3

Z = 25 zj − cj 0 0 7/9 5/9

cj 4 3 0 0

cB B xB b a1 a2 a3 a4 Min Ratio = bi / aij

4
a1 x1 5 1 1/3 1/3 0 15

0 a4 x4 9 0 3 -1 1 3 →

Z = 20 zj − cj 0 -5/3 4/3 0

Table 2

Table 3

All  zj − cj  0. Hence the solution is optimal. 

The optimal solution is x1 = 4, x2 =3, Zmax = 25. 
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Problem:

Apply Charne’s M-technique to find the optimal 

solution of the following LPP.

Maximize Z = x1   +   5x2 

Subject to   3x1   +  4x2     6

x1  + 3x2     3

x1 , x2  0

CHARNE’S M-TECHNIQUE FOR SOLVING LPP 

INVOLVING ARTIFICIAL VARIABLES.



CHARNE’S M-TECHNIQUE FOR SOLVING LPP 

INVOLVING ARTIFICIAL VARIABLES
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Introducing slack variable x3 , surplus variable x4 & artificial 

variable x5 the problem can be written in the standard form 

as:

Maximize Z = x1   +   5x2 + 0. x3  + 0.x4 - M.x5

Subject to   3x1  +  4x2  +  x3   = 6

3x1  + 4x2  - x4 + x5 = 3

x1 , x2, x3, x4, x5  0
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CHARNE’S M-TECHNIQUE FOR SOLVING LPP 

INVOLVING ARTIFICIAL VARIABLES
cj 1 5 0 0 -M Min Ratio

bi / aijcB B xB b a1 a2 a3 a4 a5

0 a3 x3 6 3 4 1 0 0 3/2

-M a5 x5 3 1 3 0 -1 1 1→

Z=cBb= -3M zj − cj -M-1 -3M-5 0 M 0

Table 1

cj 1 5 0 0 -M Min Ratio
bi / aijcB B xB b a1 a2 a3 a4 a5

0 a3 x3 2 5/3 0 1 4/3 3/2→

5 a2 x2 1 1/3 1 0 -1/3 -

Z=cBb= -3M zj − cj 2/3 0 0 -5/3

Table 2
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CHARNE’S M-TECHNIQUE FOR SOLVING LPP 

INVOLVING ARTIFICIAL VARIABLES

Table 2

cj 1 5 0 0 -M Min Ratio
bi / aijcB B xB b a1 a2 a3 a4 a5

0 a3 x3 2 5/3 0 1 4/3 3/2→

5 a2 x2 1 1/3 1 0 -1/3 -

Z=cBb= -3M zj − cj 2/3 0 0 -5/3

Table 3

cj 1 5 0 0 -M Min Ratio
bi / aijcB B xB b a1 a2 a3 a4 a5

0 a4 x4 3/2 5/4 0 3/4 1

5 a2 x2 3/2 3/4 1 1/4 0

Z=cBb
= 15/2

zj − cj 11/4 0 5/4 0

All  zj − cj  0. Hence the solution is optimal. 

The optimal solution is x1 = 0, x2 =3/2, Zmax = 15/2.
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