
de Broqlie Waves and Wawelenglhs. 
A igkt 9uantum o þhoton of ener1 E and 
freguency V has Ihe momentun 

p I: E =h>] - -

where h o Plancek's Comatant and c Ihe veloe 
ity of light. 9n terms of wavelenglh n, Ihe 
momextum b o 7wen by* 

e = va] 

--2) 

Jhe wawelenglh of light quantum Can lhww 
be shecified by ih momentum. 
de Bvoglie assumed hat he euakon C2) i 
genvally valid and n atþ licable not onba fo 
photows but for material barticles as well. He 
ro posed: A mokeuial pornticlk will have a mater 
wave associated wik it, just as a bight qua- 
tum has a ligkt wave. Jhat b, for a parhele 
mass m moving wilh Apeed v, lha twawe- 

langh a s qiven 6y 



-.-- 

of patce in motion, Iha ralatiom (3) o Knoun 

- - (3) 

mu 

Thi i referred t as lhs de Bro 9ie uwawelkngik 

as de Broglie ruelaton
Jhe interpratakion of lha e9uakim (3) ra as 

1) de Broglie, in fact was tny ing to undexs tand 
Ihe aiqmifücance of Bohr's 9uantum Condition 
and Aeeking to fit inb lhe Bohr orbit a whole 
mumbey of stanoling waves, in analoqy wilh 
such wane m a stutched string. 

(2) Jhe equation (3) may be rewriten m lhe follous ing 
Jorm: 

27Kk (h=/aT) 
where k 2/n, he probagatiom Constant. 

(3) Equaton (3) eaprs es bolh. lha wawe natwu (a) and h bortticle natwu ( momantum ) Known 
as wae - pattcle dualism. 

(4) In wwes Aome quantity vaues peiodically 9nsownd wawe lha pressuu, in lizhtawaves 
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Ihe electnic and maqnatic fields. what quantity 
Then 
The wawefunekon Y. But what indeed is P? 
The 
at (.*, z) in Apace at time t io telated b 
The ike ihood o lha þrobabiliky of find ing it 
Ihew at Ke time t. 
Jhe function has neiher any direet physical 
s1qniftcanee nor Can i be interpreted in teTms 

of any eapeiment. Jka þrobab thl, for an objeet 
to be at a certain þ laee ata 9iven time 

must ie wilhin o and 1. But whilh jha ambli- 

tude of a wawe could be negative, a negakve 

robabiily o meaninglos. So P Can not be 
am observable broperty But PI5 suare o! lhe 
absolui valuu of Yfunetion, o fu from alove 

objechon and Called Ihe brobabilik denailg. 

does vauy in ma Her wawes. 9t is Colled 

value of associalhd wilh a movin9 bod 

A high value of 1PI* mmans strong bro bab iuly 

o brasenee of lhe objeet, a very low 1P12 

impies a slight Þrobabilily of h presence.

Heisenberg's Uncertainty Princible $ 
Jhio þrineip le states lhat itE io fundament 
ally imposs ibb to determins Aimultantons by 



The bosihon amd tha momentum of a partieh 

ace wlaeyeteY Ihan 0 quantum 
of acHon. 

try o measwr lka pocthn o an objeet 
wilh phoBfona of wawelanq . 5o lh post hion 
Can be best meAsWed to an acewracj na. 

Jhws lhe wncertainly im lhe masuro mant of 

osihion 

Kt Iha object be detected by a oingle þhoton 
ofmomertum p = h/ On Atriking lke objeet 
Ihe photon transfer a þart oa whole of ils momentn 
ts lhe object. Jhns he final momentwn of he 
o bject i uncertaln by am amount 

ap a 
Jhu broduet of two wncertainties gwes 

8n 4. h-- - - -- -0 

Tha more exactly one duterminw Ih þosihon, Ihe Aualler is Ax and ouseguunty larrger 4 A and vice versa . 9t io to be noted That wcertaunhies aa not related b amy 
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o he apþanaBus employed m measn 
mext but in nadww isel 

Enerqu-Time Uncerainty, 
Jhe enwngy of a þanfich ven b 

E E AE = 4 V 4 2m 

P tohere V velocily of he parthicla = 
'. AE 4 

4E 4t 442,h 

AE 4th- - (2) 

Jhio form of uncertainly nelahon implies hat 
if a system maintains a parhiculan Atal 

foratime at u enugt is uncertain by at 
least a factr 4t 

Angula Momentum and Angulan Position 

Jhe evg} of a þonhich n terms of momert 



b of inertia amd ang ulan veloely o gwe hu 
of 

4E 2w 4( Tu) = w 4L 

whue L: angwlar momentum = lw 

-3 AL a h-- 
Tha euaions ,(2) and (3) are der ived from 
de Broqu idkaD. A moYe rugoro us proof 
Shows Ihotr lha þroduct of wncertainties may b 
neduced o at most h/2 ut we Can not min 
imise it fwuher. bo Iha wncertainnelakow
ae 

--4) 47:4 72 
AE-4t /2 
AL 4 2 

-5 
- -(6) k Omd 

State mext 9f 4x is Iha uneertainly of I 
position of a boutica and Iks Covrespandig 



momentum wncertainb o A lhen Heisenbeqs 
wncertanty þrunciph Atalb ihat 

AT 4 a 
whoa k "/2T amd h s Planck's lonstant 

Time-debendeni Schvödinger Eauation: 
The wawele nglk of mater wave is given by de 

BToglie's equation 

-C1 -

Jhe envngy of lhe þaticde is halated h The 

fruauaney 6y 

E hv = 2T) =6 - - -(2)

Jhe Atate of a þarticle in motiom described 

byhe awonwefunetionP[Tt) and ta Atudy i 
motion in a generod wo , we need an eua 
tion to be satiofied by P,subject however 

Tha relahons erbressed n C) and (2) . 



5 uch an eguahion was provided by ETwin 
sehrödinger in 1926 whieh boAIe 5 quan 
tum mechamiesS wnt a Newtov's eGuahon 

baoie h classical meehaies. 

Frree Partiek Wave funeton 

A fr þorhich i.e not Aubjeeted ts on fa 
movin adoug - direction wilh a definii 

momentum o iven by lhe inftnila þlane 

ilK-wt) wawe 
Plx,t) = Ae 

(x,t) =Apd (h7-Et) 
- -- (3 

P teplacing Kr by " and w by 7 
Diferentiaking (3) w.r. ti t, we have 

ih EY(a,t) - - --(49 

Now by Auccess ive diferen tiakion of (3) w. Y6 

-i = P - (5) 

h 
m 0x 

and = Pa ya,t)) -
m 



Classically, for a fru non-elativiwtic one -
dimesional pariela E = P2m . bo from 
quatioms 4) and (6) we have 

-(T) 
am dX 

Jhe equaion (¥) o lhe reguired onl-dimens ion- 

a tina-debendent Sehrödinger equahion far 
a fruee parkiee 

9n Ihre dimenoions : ikS -v o m 

whvre y':, 

We may wY Lë equations (4) and (5) n Tka 

fo llowing fovm: 

(h P=EY and (-ih h 

whieh suggest lhat Ihe energy amd lha 
momentum uMay be Consider ed as der- 

ential OeratoS

E = ih and P-ihoa | 



In IhrL dimenoLOns.
A 

Eihand --ih 

ceneral Waye Equatiom 

Class ically, he ener9y E also Krown a 
Hamiltonian of a þarfich n a þotental 

VC7IE) o given by 

E = t V(T, t) - - (9 

Schrö dinger assuned b be Ihe oberator 
for Iha position Co omdinate T and t That fr 
time. So Ihe oberatr for u potenrial w vA) 
We now substitui Iki operators for E and 
F and V(Tit) in e9uaton (7) amd alloti Ihu 

Rsulking operator equahion to oberalü om 
The wwe funetton 7t 

iP)-- V/7)|ti9 t) 
2m 

Jhe equaon (10) lha time-drbendent Scht 
Oinges euation for a bartich moving im potential V(7t). 



Jhs Ih operatr fr lhs Hamiltonian H of Ika 

stem v 
A A 

+v(7,t). 2m 
- -{U) H 

A 

Pulting Ihi H in equakion (to) we get 

ih 

Thio reduced form of lhs tine-dipendent 

Schrodinger equaion. 
Jhe more erplicit form of euation (1o) v 

Physical Snterbretation of wave function Y 
According t atatiatical interpretarion, lhe quantity 

* = 19l*giwes he probabily of finding 
Aystem or þarticli at T at time t, ¥* béing lhe 
Comblax conj ugafe of Y. TYi o never negakive 
The quontiky IYIio Known as lhe þroba.bikl, 
denaity fl7t) 

ha 



1 

- --(3) 

P.t) = IY/ . 

Jhe probabilily of finding lhe 4ystem in 

volume element dv (=dñdjdz) hen /y 

If IKen Ikuo quantity be integrated from -
+ we get Ihe total þrobabiily whieh w umly 

lav =l ~ -
- -(4) 

-

Awavefunction Aaisfy ing he equaton (14) 
Called a normaised wowefuneton and K 

equatim (I4) io k» noTmalicarion Condirion
however Yl7,t) not normalied lhe 
akove euahion (14) may be utilised to normalie 
Ihe wawefunctim. On multplying he ave fun ekan 
ba Cowatant N amd from (14) we howe 

INI IYdV =l 

IN= -(15) 
1Piav 

where N lka normalisarion Comatant 
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Probabilit Current Densits:Conservakion 
Jhe brobabilistic interpatakion of wavefunchion Y 
Leads to arolken imbortant þasameter- Ihe probabili 
Cwvent danoily. 
Jhu tme- dependet Schrödinger eguahon and ui5 
Complua Cenjug ali form aru nespectivey 

i=vV ----09 

i vv] 
and 

where i asgumed Thot V[Y) rual 
Muliplying (!6) by y* and (7) 6y P and on Aubtra- 
ctiom we have 

i( +y = -pvy*] 

P)= 7(*y-vTy) 
-- -18) 

We mow define a vector 

(T.)-ih vvv-4öeye 
. - - -(1) 



5o Ihat from (18) we hove

)+jiy =o -

a,+j7t) =o - -

(20) - -

The equaton (21) o Known equadon of lontinudi. 
Since ha brobabiuly denoilh P, j(7.t) 
be intexpnatal�d as probabililg Cwvent demoil . 

9E io Ihe flow of brobabiulý acrost wit arsa þer 
wit tine. 
Snagrating (20) oveY a volume and wng taus' 
divergence Iheorem we have 

- - - - {2) 
From e9uakton ( 22) any deerease oy increase in 
brobabilily wilkin a parhicular negion in attended wik inflow or outflouw of probabilly acros h durfare inblying hat any inerease in þrobabilily wiR time in some region would decrease Ihe þTobabilily o finding t outaide lhat ugion by an e9ual amount. Jhs Ih equation C22) exbraS es Ike Conservakon of brobabilkly deaily and may be termed 9ua tum mechanical brobabiul ConoeTVahin equaton 
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Time- independent Schrödinger Eguotion: 

many situations, Ihe Aystem does not change 
wilk tiee ( Ihe Ateady xtati) amd þotental i a 

funchion of Co-oydinai only. We Can nebanali 
Ihe vauablu in time- dahendsnt Schrödirger 
equarion to get two eguahioms: () One drherdert 
ont ad ) tha olhur dibendent on 7. Jhen 

- (0) -

The SchYödinger time-drbendint eguahon w 

iven by 

i ot 

Puting IAe equakon () into (2) we get 

Dt 

i = +vP --4 
dividing Ikroughout b pt)¥l 
Now Ihe L H-S of eguaton C3) o a funchion of t 

ony aind lka R.H.S a funchion of Co rdinoa 
ouly. bo each aide muwt be egual to a Cowstant 
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E 
= Efl) - ) -

-

i 

Ond -+v)Y)=EY)-- 

Jhe euation (5) io Called tine-indebendavt 
Schrödinger equahion o ntmpl Schrödinger 
equation. Generally i io wriHen in lke follouing Te follouirg 
fovm 

vhyt (E-v)¥ =o -- --6) 

2 

9n euaion ) ihio lhe enungy operatos lhat 
operates om ¢t) t qive a Cowstant E. E i 
energy of he 47stem. 

dl E dt NOW 

Sntegroring 
Ln plt) = -LEt 

'lt) = e 

Naue funeion Y(t) = plt) y[f) E =)e _. -47) 



n most Aituatiov, ha equahion hað a Aet of Aolution Ao lhat Ihe equahion (}) writen as 

..8) 
iErt n7,) 7)e 

94 Ihe system io im amy eigenstali given by 
he robabiuly denoilg w 

7)P(7,t) = / %(7)/. ---4 
amd i indthendent of thme. Such states 
for which ihe brobabilit denotly io Conotant in 
time asw CalledAtarionary Atate). 
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